Abstract-In this paper, we propose a new pilot tone placement scheme and a novel pilot sequence design to estimate the carrier frequency offset (CFO) in OFDM systems. Unlike the conventional approach in which isolated pilot tones are used, we cluster two pilot tones together as a group and these tone groups are equally spaced along the subcarrier axis. The pilot sequence of each group is carefully designed, in which the pilot symbol on the left side in each cluster is made antipodal to the one on the right. The performance in terms of the signal-tointerference ratio (SIR) can be significantly improved by the proposed scheme. Theoretical analysis and simulation results show that the clustered pilot tones can give a substantially lower variance of CFO estimate than that of the isolated pilot tones. For a given CFO, it demonstrates that the variance of the estimate can be reduced by 3−14 dB. The bit error rate (BER) is reduced by about 1 dB both in AWGN and multipath fading channels in the simulated cases.
neighboring subcarriers with the assumption that there is a relatively little change of ICI effect in adjacent subcarriers [6] , [7] . This method can reduce ICI significantly, but one half of the bandwidth efficiency is lost. The other category is frequency synchronization, which is intended to get an accurate CFO estimate from the received signal and then use the estimate to compensate for the signal. Many CFO estimators have been proposed for OFDM frequency synchronization, employing data-aided methods in [8] [9] [10] [11] [12] [13] [14] or blind methods in [15] [16] [17] [18] [19] . It shows that the data-aided methods yield much better performance than that of blind methods at the cost of bandwidth efficiency. As for the applications of OFDM, many CFO estimators are designed for burst transfer mode [8] , [10] , [15] , where the short-distance environment such as WLAN applications is regarded as a slow-varying channel model, and the preamble is, thus, designed for CFO estimation under this scenario. For continual transfer mode like broadcasting applications [2] , synchronization pilots are embedded in every OFDM symbol to track the variations of the CFO by measuring the phase shift of pilot symbols in two consecutive OFDM symbols [12] [13] [14] .
In this paper, a new pilot tones placement scheme is proposed for CFO estimation and can be applied to the broadcasting applications. Inspired by the clustered pilots for channel estimation in [20] , this paper constructs a novel pilot pattern for CFO estimation by clustering every two pilot tones as a group. Furthermore, the pilot symbols in each pilot group are made antipodal to each other. This scheme combines the merits of the ICI-self elimination method [6] , [7] and the pilot tone-based frequency synchronization [12] [13] [14] . The analysis and simulation experiments both show that the proposed tones placement scheme gives a substantially lower CFO estimate variance. The rest of this paper is organized as follows. In Section II, the OFDM signal model is discussed. In Section III, the conventional isolated pilot tones method for CFO estimation is described. In Section IV, the clustered pilot tones method is proposed, and the problem of pilot sequence design and the performance analysis are both explained. In Section V, simulation results are shown and discussed, and finally, conclusions are drawn in Section VI.
II. OFDM SIGNAL MODEL
Assuming the ith OFDM symbol after the N point inverse DFT at the transmitter is given by where a l,i is QPSK symbol at the lth subcarrier. After adding the cyclic prefix, the signal at the output of the OFDM transmitter resulting from the ith transmitted symbol can be expressed as
where f c is the carrier frequency and q(t) is the impulse response of the low-pass filter in the transmitter. The sampling period T s is denoted by T s = T /N , where T represents the effective duration of one OFDM symbol excluding the guard interval G. At the receiver, the signal is mixed with a local oscillator signal which is Δf above the carrier frequency f c . Ignoring the effects of the noise, the ith demodulated signal is then given by
where p(t) is the combined impulse response of the channel and of the transmitter and receiver filter. θ 0 is the phase rotation between the phase of the receiver local oscillator and the carrier phase at the start of the received signal. The whole received signal is, therefore,
where L is the total number of OFDM symbols in transmission.
Assuming that p(t) satisfies the Nyquist criterion for samples taken at intervals T s and that y(t) is sampled with perfect timing, then the samples' input to the receiver DFT can be obtained by substituting
where φ = 2π (1 + G/N ) is the phase rotation induced by the CFO, Δf . The normalized CFO can be expressed as = Δf T = Δf /f sub and f sub denotes the subchannel spacing. In the frequency tracking mode, it has | | < 0.5. After removing the guard interval and performing DFT at the receiver, these samples are given by
Substituting the value of y k,i from (4) into (5) and using (1), we arrive at where the weighting coefficients, c l−m is given by [7] 
Note that the coefficients have the following periodical property: c l−m = c N +l−m . Fig.1 shows the complex weighting coefficients for the case of = 0.1 and N = 16. It demonstrates that both the real and the imaginary parts of the coefficients are gradually changing with respect to the subcarrier offset except for several coefficients around the zero subcarrier offset.
III. CONVENTIONAL PILOT TONES FOR CFO ESTIMATION
An effective method of CFO estimation is based on a few of isolated pilot tones embedded in the received data stream [2] , [12] [13] [14] . On each pilot tone, identical pilot symbols are transmitted for all OFDM symbols. The underlying principle of these algorithms is that the frequency estimation problem can be converted into a phase estimation problem by considering the phase shift between subsequent subchannel samples z m,i and z m,i+1 , where the subscripts m and i denote the index of pilot tones and the index of OFDM symbols, respectively.
From (6), we have
and
where the ICI term u m,i can be denoted by
It can be observed from (8) 
where Re(·) and Im(·) represent the real part and imaginary parts, respectively. The superscript * stands for conjugate. Subsequently, the normalized CFO can be obtained as,
Taking into account all the pilot tones, the estimate of CFO can be obtained.
The performance of phase estimation given by (11) was previously studied for doppler estimation in [21] and was called the pulse-pair method there. The explicit formula of phase variance using the so-called pulse-pair method was given by [22] 
where var(·) represents the variance. SIR m denotes signal-tointerference ratio (SIR) of z m,i and this can be derived from (8) as
The variance of the phase estimate shown in (13) reveals that it is inversely proportional to the SIR of the pilot tone. Therefore, it is interest of designing a pilot tone with a high SIR, so that a more accurate CFO estimate can be derived.
IV. CLUSTERED PILOT TONES FOR CFO ESTIMATION
In this section, we first propose a clustered pilot tones method for CFO estimation, then we subsequently discuss the pilot sequence design.
A. Clustered Pilot Tones Design
Unlike the conventional approach, in this paper, the pilot tones in this study are organized into pairs/clusters. In each pair/cluster, the adjacent pilot symbols to be transmitted are always set to be antipodal, that is, a is transmitted at the left pilot tone and −a at the right pilot tone in each cluster.
Let S l , S r and S denote the sets of the left, right and all pilot positions in one OFDM symbol, respectively. In one pilot tone cluster, it has a m,i = −a m+1,i for m ∈ S l and (m + 1) ∈ S r . Recall (8) , the decoded value on the left pilot tone can be expressed as Likewise, the value on the right pilot tone can be written as
Next, the values for the clustered pilot tones are subtracted in pairs and this yields
From (15), it can be seen that Z m,i depends on the first and second order difference of the weighting coefficients. Recall (7), the relationship of the weighting coefficients can be illustrated in Fig. 2 for the case of N = 64 and Δf T = 0.1.
2 for any l ∈ S l and l = 0. Moreover, the weighting coefficients change little with respect to N [6] . Then (15) can be written into
From (16), it can be seen that Z m,i consists of the desired signal part as well as the ICI part. Obviously, the signal power of Z m,i can be evaluated as
Since the data symbol QPSK can be assumed as a zero-mean random process and is independent of the pilot symbols, the ICI power of Z m,i is given by
Combining (17) and (18), the SIR of the clustered pilot tones can be denoted by
Comparing (14) with (19) , it can be concluded that the SIR is significantly improved by the clustered pilot tones. After replacing z m,i with Z m,i in (11), we can havê
and its variance has the similar form with (13)
where SIR m is given by (19) .
B. Pilot Sequence Design
The goal of pilot sequence design is to minimize the variance of the CFO estimate at a given block length L and the number of pilot tones P . Since the pilot symbols are identical at the same pilot tone for all OFDM symbols, without loss of generality, the ith OFDM symbol is considered only for the following pilot sequence design. For notional brevity, the subscript i of the pilot symbols b q,i (for q = 1, 2, · · · , P ) is omitted below.
Constrained with a constant total pilot power E p , the design of pilot sequence, [ b 1 b 2 · · · b P ] can be formulated as the following optimization problem,
where E[·] denotes the statistical expectation. It can be further simplified to
where SIR q represents the SIR of the qth pilot tone. The quadratic term of the inverse of the SIR q can be discarded if SIR q is high. After applying the approximation, it has
subject to P q=1 |b q | 2 = E p . It is found that such suboptimum sequence should be the sequence with equal magnitude for each symbol [23] [24] . Assuming that the total pilot power equals to the total number of pilots, i.e. E p = P , from (22) it has |b q | 2 = 1 for all q = 1, 2, · · · , P .
In the case of isolated pilot tones, the pilot symbols can be designed in a pseudo random binary sequence (PRBS). Therefore, the SIR of the qth pilot tone can be obtained from (14) as where the subscript α represents the conventional CFO estimation method.
In the case of proposed pilot tones where the adjacent pilot tones are clustered as a group, the pilot sequence can be also designed as PRBS. Another sequence that formulates a simple design of OFDM system is the uniform sequence that transmits symbol "1" on the left pilot tone and "−1" on the right pilot tone in each cluster. From Section IV-A, it is known that such a design using antipodal symbols in each pilot cluster can lead to a high SIR as shown in (19) , thereby achieving a lower variance of the CFO estimate. By substituting |b q | 2 = 1 into (19), the SIR of the pilot sequence is equal to
where the subscript β represents the proposed CFO estimation method. Fig.3 shows the SIR (in dB) as a function of the normalized frequency offset , where N = 64. The SIR performance comparison confirms that a higher SIR is obtained for the clustered pilot tones than that of the isolated pilot tones. The improvement in SIR in the proposed method seems to be independent of CFO and shows a gain of about 14 dB. It also demonstrates the equivalence of the SIR between using PRBS and the uniform pattern {1, −1} in the pilot sequence design for the clustered pilot tones methods.
C. Performance Analysis
To demonstrate the performance of improvement in variance reduction in the proposed clustered pilot tones, we define the variance reduction coefficient (VRC) as follows,
It denotes that the variance of the phase estimate can be reduced by ζ times using the clustered pilot tones. Further let γ = SIRα SN Rα . We then obtain [Appendix I] where, γ is given by γ = 2σ
It can be seen that γ denotes the noise-to-interference ratio (NIR) and has γ ≥ 0. The VRC (in dB) is plotted against the NIR in Fig. 4 by using (27) . It shows that the value of VRC is monotonically decreasing with the increase of NIR. The maximal improvement in VRC of 14 dB is achieved when γ = 0. This implies that the variance can be reduced by 25 times if noise is absent. When γ approaches infinity, the value of VRC is shown to approach 3 dB. This indicates that the proposed method can still reduce at least one half of the variance in a noisy environment. For a general case where 0 < γ < ∞, the improvement ranges from 14 dB to 3 dB when γ is increasing.
V. SIMULATION RESULTS
In this section, several numerical results and simulation experiments will be presented to illustrate the improvements achieved by the proposed clustered pilot tone method. The simulated OFDM system is from 2K mode DVB-T [2] and the specific parameters are the following:
• carrier frequency: 470 MHz; [25] .
From the analysis in Section IV, it is known that the accuracy of the CFO estimate is related to three factors: the normalized CFO , the block length L and the signal-to-noise ratio SN R. Next, we individually analyze the impact of each of the three factors on the performance of CFO estimation. Fig. 5 illustrates the simulation results of RMSE of CFO estimate with respect to the true value of CFO, and the comparison with the analytical results and the CRLB. We can observe that the RMSE is increasingly proportional to the CFO. Moreover, the CFO estimate from the clustered pilot tones always produces a much smaller RMSE, which is only 1/5 of that of the isolated pilot tones method. It corroborates the analytical results shown in Fig. 4 where ζ = 14 dB when γ = 0. Fig. 5 also shows that both the analytical curves and the simulation curves both closely match the CRLB. This indicates that the estimates given by (11) and (20) are, in fact, the minimum variance unbiased (MVU) estimates for L = 2.
A. Analysis of

B. Analysis of L
The effect of block length for the CFO estimation is depicted in Fig. 6 . It is clear that the estimation variance decreases when the block length increases. Meanwhile, the clustered pilot tones method, regardless of the block length, always gives a smaller variance of the CFO as compared to the isolated pilot tones method. For example, when L = 2, the CFO estimation variance given by the clustered pilot tones is only 4% of the variance obtained by the isolated pilot tones. Therefore, this will be extremely useful for a fast CFO estimation which is so required in real applications.
A careful examination of the results reveal that the gap between the CRLB and the simulation results is also increasing for both methods with the increase of the block length. This can be attributed to the adjacent pilot symbols at the same tone used to construct a pulse-paire, as
. It is proven in [26] that the optimal pulse-pair to attain the CRLB is of the form
where L is the block length. In this paper, we fix k = 1, so the optimal value of L should be 1.5 in theory. Accordingly, when L is increasing from 2 to infinity, the variance given by (11) greatly deviates from the CRLB.
C. Analysis of SN R in AWGN channel
The RMSE of the CFO estimation in terms of SNR is simulated in AWGN channel for the two methods, and the performance comparison is illustrated in Fig. 7 when L = 2 and = 0.03. It is easily seen that the clustered pilot tones method outperforms the isolated pilot tones method by producing a lower variance. Furthermore, the gap between the two methods can be observed to increase from 3 dB at the low SNR region to 12 dB at the high SNR region. This is evident in the analytical curve shown in Fig. 4 , where the improvement in variance reduction of the proposed method can be seen from 3 dB to 14 dB.
To further validate the performance of the variance reduction by the clustered pilot tones, we performed the computer simulations of BER in terms of SNR in Fig. 8 for the case of L = 2 and = 0.03. Without the CFO compensation, it can be seen the BER loss is more than 2 dB as compared to the perfect CFO compensation. An analysis of BER loss by the ICI in OFDM was given in [27] . In the CFO compensation process, the CFO is estimated first, and then sent back to compensate for the received signals which suffer the ICI induced by the CFO. The performance comparison shows the BER can be reduced by about 1 dB with the clustered pilot tones-based CFO estimation.
D. Analysis of SN R in multipath fading channel
We also study and compare the performance of CFO estimation in a time-dispersive channel, which is of the typical urban (TU) channel model [28] . The channel impulse response (CIR) is given by
Each path α k (t) (k = 0, · · · , 5) is generated to be an independent complex Gaussian with unit variance for two cases of Doppler shift, 0 Hz and 50 Hz (115 km/h) [29] . The multipath delay and the normalized path gain are generated with the following parameters: Fig. 9 shows the advantage of more than 3 dB in RMSE in our proposed method. In a mobile fading environment where a mobile receiver is moving with 115 km/h (f d = 50Hz), the advantage does not change much. By using coherent detection and the perfect channel knowledge, the BER performance is simulated and illustrated in Fig. 10 and Fig. 11 for the case of f d = 0 and f d = 50 Hz, respectively. Compared with the BER results without CFO compensation, we can see that the BER performance can be greatly improved for the two CFO compensation methods. Moreover, the performance comparison between the two methods shows the proposed 
VI. CONCLUSION
A new pilot tone-based CFO estimation method is proposed by transmitting antipodal pilot symbols at the clustered pilot tones. As a result, the ICI existing in the pilot tones can be substantially cancelled out, thereby leading to a higher SIR. Through the analysis of the CFO variance, it is shown that a higher SIR obtained essentially gives a lower variance which is desirable for practical applications. Simulation results also demonstrate the efficacy of the proposed method which gives a smaller variance of CFO estimate and better BER performance. Further studies in which the channel information is not completely known are ongoing, and in which some interpolation techniques for the channel estimation, such as [30] , may be needed. 
The signal-to-interference-plus-noise ratio (SINR) is
where SIR α and SN R α are given by (24) and (30), respectively. Therefore, the variance of the CFO-induced phase estimate from the conventional pilot tones is
Similarly, for the clustered pilot tones, the samples in AWGN can be rewritten from (16) 
and SIN R β = 1
where SIR β is given by (25) . Consequently, the variance of the phase estimate by the proposed clustered pilot tones is
Comparing (34) with (30), a rough approximation will give
Moreover, the gain of about 14 dB in Fig. 3 by the proposed pilot tones can be described as
The variance reduction coefficient (VRC) is defined as,
Let γ = SIRα SN Rα . Using (32), (36), (37) and (38), we can obtain
Recall (24) and (30), γ can be further expressed as γ = 2σ
